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Abstract
In the present study, we have introduced Cesàro summability of integrals of fuzzy-number-valued
functions and given one-sided Tauberian conditions under which convergence of improper fuzzy Rie-
mann integrals follows from Cesàro summability. Also, fuzzy analogues of Schmidt type slow de-
crease and Landau type one-sided Tauberian conditions have been obtained.
1 Introduction
Given a locally integrable function f : [0,∞)→ C, the Cesàro operator Cf is defined by
(Cf)(x) :=
1
x
∫ x
0
f(t)dt, x ∈ (0,∞).
In classical analysis, the Cesàro operator was investigated from various aspects and a large number of
results have appeared recently [1–5]. Titchmarsh [6] also used the operator as a convergence method for
divergent integrals and introduced the Cesàro summability of integrals [7, p.11]. Following this intro-
duction, the concept of Cesàro summability of integrals received considerable attention and Tauberian
conditions under which Cesàro summable improper integrals converge have been investigated [7–15].
Also, there are studies applying the concept to Fourier integrals [6, 16–19].
In the light of the developments mentioned above, establishment of the concept of Cesàro summa-
bility of integrals for fuzzy analysis is also of importance for handling divergent integrals of fuzzy-
number-valued functions. The concept of integration of fuzzy-number-valued functions has already been
introduced by Dubois et al. [20] and studied by many mathematicians [21–24]. Also, in particular, Bede
and Gal [25] have proved that there exists a mean value, or a Cesàro sum, for any almost periodic fuzzy-
number-valued function and given some applications of these functions to fuzzy differential equations
and to fuzzy dynamical systems. At this point, approaching the concept of ‘mean value’ from perspective
of summability theory, we define Cesàro summability of integrals of fuzzy-number-valued functions and
give various types of convergence conditions for Cesàro summable improper integrals of fuzzy-number-
valued functions.
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2 Preliminaries
A fuzzy number is a fuzzy set on the real axis, i.e. u is normal, fuzzy convex, upper semi-continuous and
supp u = {t ∈ R : u(t) > 0} is compact [26]. We denote the space of fuzzy numbers by E1. α-level set
[u]α of u ∈ E1 is defined by
[u]α :=
{
{t ∈ R : u(t) ≥ α} , if 0 < α ≤ 1,
{t ∈ R : u(t) > α} , if α = 0.
Each r ∈ R can be regarded as a fuzzy number r defined by
r(t) :=
{
1 , if t = r,
0 , if t 6= r.
Let u, v ∈ E1 and k ∈ R. The addition and scalar multiplication are defined by
[u+ v]α = [u]α + [v]α = [u
−
α + v
−
α , u
+
α + v
+
α ], [ku]α = k[u]α
where [u]α = [u−α , u
+
α ], for all α ∈ [0, 1].
Lemma 2.1. [25] The following statements hold:
(i) 0 ∈ E1 is neutral element with respect to +, i.e., u+ 0 = 0 + u = u for all u ∈ E1.
(ii) With respect to 0, none of u 6= r, r ∈ R has opposite in E1.
(iii) For any a, b ∈ R with a, b ≥ 0 or a, b ≤ 0 and any u ∈ E1, we have (a + b)u = au + bu. For
general a, b ∈ R, the above property does not hold.
(iv) For any a ∈ R and any u, v ∈ E1, we have a(u+ v) = au+ av.
(v) For any a, b ∈ R and any u ∈ E1, we have a(bu) = (ab)u.
The metricD on E1 is defined as
D(u, v) := sup
α∈[0,1]
d([u]α, [v]α) := sup
α∈[0,1]
max{|u−α − v
−
α |, |u
+
α − v
+
α |}.
where d is the Hausdorff metric.
Proposition 2.2. [25] Let u, v, w, z ∈ E1 and k ∈ R. Then,
(i) (E1, D) is a complete metric space.
(ii) D(ku, kv) = |k|D(u, v).
(iii) D(u+ v, w + v) = D(u, w).
(iv) D(u+ v, w + z) ≤ D(u, w) +D(v, z).
(v) |D(u, 0)−D(v, 0)| ≤ D(u, v) ≤ D(u, 0) +D(v, 0).
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Partial ordering relation on E1 is defined as follows:
u  v ⇐⇒ [u]α  [v]α ⇐⇒ u
−
α ≤ v
−
α and u
+
α ≤ v
+
α for all α ∈ [0, 1].
We say a fuzzy number u is negative if and only if u(t) = 0 for all t ≥ 0 (see [27]).
Combining the results of Lemma 6 in [28], Lemma 5 in [29], Lemma 3.4, Theorem 4.9 in [30] and
Lemma 14 in [31], following Lemma is obtained.
Lemma 2.3. Let u, v, w, e ∈ E1 and ε > 0. The following statements hold:
(i) D(u, v) ≤ ε if and only if u− ε  v  u+ ε
(ii) If u  v + ε for every ε > 0, then u  v.
(iii) If u  v and v  w, then u  w.
(iv) If u  w and v  e, then u+ v  w + e.
(v) If u+ w  v + w then u  v.
Definition 2.4. A fuzzy-number-valued function f : [a, b] → E1 is said to be continuous at x0 ∈ [a, b] if
for each ε > 0 there is a δ > 0 such that D(f(x), f(x0)) < ε whenever x ∈ [a, b] with |x − x0| < δ. If
f(x) is continuous at each x ∈ [a, b], then we say f(x) is continuous on [a, b].
Definition 2.5. [32] A fuzzy-valued function f : [a, b] → E1 is called Riemann integrable on [a, b], if
there exists I ∈ E1 with the property : ∀ε > 0, ∃δ > 0 such that for any division of [a, b] d : a = x0 <
x1 < · · · < xn = b of norm v(d) < δ, and for any points ξi ∈ [xi, xi+1] i = 0, n− 1, we have
D
(
n−1∑
i=0
f(ξi)(xi+1 − xi), I
)
< ε.
Then I =
b∫
a
f(x)dx.
Theorem 2.6. [32] If the fuzzy-number-valued function f : [a, b] → E1 is continuous (with respect to
the metric D) and for each x ∈ [a, b], f(x) has the parametric representation
[f(x)]α = [f
−
α (x), f
+
α (x)],
then
b∫
a
f(x)dx exists, belongs to E1 and is parametrized by

 b∫
a
f(x)dx


α
=

 b∫
a
f−α (x)dx,
b∫
a
f+α (x)dx

 .
Using the results of Anastassiou [22] we have
Theorem 2.7. If f : [a, b]→ E1 and g : [a, b]→ E1 are continuous then
(i)
b∫
a
(αf(x) + βg(x))dx = α
b∫
a
f(x)dx+ β
b∫
a
g(x)dx where α and β are real numbers.
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(ii)
b∫
a
f(x)dx =
c∫
a
f(x)dx+
b∫
c
f(x)dx where a < c < b.
(iii) The function F : [a, b]→ R+ defined by F (x) = D(f(x), g(x)) is continuous on [a, b] and
D

 b∫
a
f(x)dx,
b∫
a
g(x)dx

 ≤
b∫
a
F (x)dx.
(iv)
x∫
a
f(t)dt is a continuous function in x ∈ [a, b].
(v)
b∫
a
f(x)dx 
b∫
a
g(x)dx whenever f(x)  g(x) for all x ∈ [a, b].
Definition 2.8. Suppose f(x) is a fuzzy-number-valued function defined on the unbounded interval
[a,∞). Then we define
∫ ∞
a
f(x)dx = lim
t→∞
∫ t
a
f(x)dx
provided the limit on the right-hand side exists in E1, in which case we say the integral converges and is
equal to the value of limit. Otherwise, we say the integral diverges.
3 Main Results
Definition 3.1. Let f : [0,∞)→ E1 be a continuous fuzzy-number-valued function and s(t) =
t∫
0
f(x)dx.
The Cesàro means of s(t) are defined by
σ(t) =
1
t
∫ t
0
s(u)du, t ∈ (0,∞). (3.1)
The integral
∫ ∞
0
f(x)dx (3.2)
is said to be Cesàro summable to a fuzzy number L if limt→∞ σ(t) = L. The value of this limit is said to
be the Cesàro sum of the integral.
Theorem 3.2. If the integral (3.2) converges to a fuzzy number L, then (3.1) also converges to L.
Proof. Let
lim
t→∞
s(t) =
∫ ∞
0
f(x)dx = L
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for some L ∈ E1. Then given any ε > 0 there exists t0 > 0 such that D(s(t), L) <
ε
2
whenever t ≥ t0
and there existsM > 0 such that D(s(t), L) < M whenever t < t0. So we have
D(σ(t), L) = D
(
1
t
∫ t
0
s(u)du, L
)
= D
(
1
t
∫ t
0
s(u)du,
1
t
∫ t
0
Ldu
)
=
1
t
D
(∫ t
0
s(u)du,
∫ t
0
Ldu
)
≤
1
t
∫ t
0
D(s(u), L)du
=
1
t
∫ t0
0
D(s(u), L)du+
1
t
∫ t
t0
D(s(u), L)du
≤
t0M
t
+
ε
2
(t− t0)
t
<
t0M
t
+
ε
2
Since lim
t→∞
t0M
t
= 0, there exists t1 > 0 such that
∣∣ t0M
t
∣∣ < ε
2
whenever t ≥ t1. So there exists t2 =
max{t0, t1} such that
D(σ(t), L) < ε
whenever t ≥ t2. This completes the proof.
By the following example it can be easily seen that the converse statement of Theorem 3.2 is not true
in general.
Example 3.3. Take the fuzzy-number-valued function f : [0,∞)→ E1 such that
(f(x))(t) =


(t− cos x).(x+ 1)2, if cos x ≤ t ≤ cosx+ 1
(1+x)2
,
2− (t− cos x).(x+ 1)2, if cos x+ 1
(1+x)2
≤ t ≤ cos x+ 2
(1+x)2
,
0, otherwise.
Then f is continuous and
f−α (x) = cosx+
α
(x+ 1)2
, f+α (x) = cos x+
2− α
(x+ 1)2∫ t
0
f−α (x)dx = sint+ α
(
1−
1
t+ 1
)
,
∫ t
0
f+α (x)dx = sint+ (2− α)
(
1−
1
t+ 1
)
Obviously
∞∫
0
f(x)dx is divergent. To calculate Cesàro mean, considering (3.1) we have
σ−α (t) =
1
t
∫ t
0
s−α (u)du =
1
t
∫ t
0
(∫ u
0
f−α (x)dx
)
du = −
cos t
t
+
1
t
+ α
(
1−
ln(t+ 1)
t
)
σ+α (t) =
1
t
∫ t
0
s+α (u)du =
1
t
∫ t
0
(∫ u
0
f+α (x)dx
)
du = −
cos t
t
+
1
t
+ (2− α)
(
1−
ln(t+ 1)
t
)
.
So we get
lim
t→∞
σ−α (t) = α
lim
t→∞
σ+α (t) = 2− α

 [u]α = [α, 2− α] and limt→∞D(σ(t), u) = 0.
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Then
∞∫
0
f(x)dx is Cesàro summable to fuzzy number u such that
u(t) =


t if 0 ≤ t ≤ 1,
2− t if 1 ≤ t ≤ 2,
0 otherwise.
We need the following Lemma for the proofs of our main results.
Lemma 3.4. If s be a continuous fuzzy-number-valued function then for every λ > 1
1
λt− t
∫ λt
t
s(x)dx+
1
λ− 1
σ(t) = σ(λt) +
1
λ− 1
σ(λt) (3.3)
and for every 0 < ℓ < 1
1
t− ℓt
∫ t
ℓt
s(x)dx+
ℓ
1− ℓ
σ(ℓt) = σ(t) +
ℓ
1− ℓ
σ(t). (3.4)
Proof. Let s be a continuous fuzzy-number-valued function. Then for every λ > 1 we have
σ(λt) +
1
λ− 1
σ(λt) =
λ
λ− 1
σ(λt)
=
λ
λ− 1
1
λt
∫ λt
0
s(x)dx
=
1
(λ− 1)t
{∫ t
0
s(x)dx+
∫ λt
t
s(x)dx
}
=
1
λ− 1
σ(t) +
1
t(λ− 1)
∫ λt
t
s(x)dx
by Lemma 2.1 and Theorem 2.7. On the other hand for every 0 < ℓ < 1, using Lemma 2.1 and Theorem
2.7 again, we get
σ(t) +
ℓ
1− ℓ
σ(t) =
1
1− ℓ
σ(t)
=
1
1− ℓ
1
t
∫ t
0
s(x)dx
=
1
1− ℓ
1
t
{∫ ℓt
0
s(x)dx+
∫ t
ℓt
s(x)dx
}
=
ℓ
1− ℓ
1
ℓt
∫ ℓt
0
s(x)dx+
1
t(1− ℓ)
∫ t
ℓt
s(x)dx
=
ℓ
1− ℓ
σ(ℓt) +
1
t− ℓt
∫ t
ℓt
s(x)dx.
So equalities (3.3) and (3.4) are satisfied.
As a result of Lemma 3.4 we conclude the following lemma.
6
Cesàro summability of integrals of fuzzy-number-valued functions
Lemma 3.5. If integral (3.2) is Cesàro summable to a fuzzy number L, then for every λ > 1
lim
t→∞
1
λt− t
∫ λt
t
s(x)dx = L (3.5)
and for every 0 < ℓ < 1
lim
t→∞
1
t− ℓt
∫ t
ℓt
s(x)dx = L. (3.6)
Now we give Tauberian conditions under which convergence of the improper integral follows from
Cesàro summability.
Theorem 3.6. Let fuzzy-number-valued function f : [0,∞) → E1 be continuous. If integral (3.2) is
Cesàro summable to a fuzzy number L, then it converges to L if and only if for every ε > 0 there exist
t0 ≥ 0 and λ > 1 such that for t > t0
1
λt− t
∫ λt
t
s(x)dx  s(t)− ε (3.7)
and another 0 < ℓ < 1 such that
1
t− ℓt
∫ t
ℓt
s(x)dx  s(t) + ε. (3.8)
Proof. Necessity. Let the integral (3.2) converge to L. Using inequality
D
(
1
λt− t
∫ λt
t
s(x)dx, s(t)
)
≤ D
(
1
λt− t
∫ λt
t
s(x)dx, L
)
+D(L, s(t)),
if we consider the equality (3.5) in Lemma 3.5 then for λ > 1 we obtain
lim
t→∞
D
(
1
λt− t
∫ λt
t
s(x)dx, s(t)
)
= 0.
For 0 < ℓ < 1, validity of (3.8) can also be obtained analogously by using the equality (3.6) of Lemma
3.5.
Sufficiency. Assume that integral (3.2) is Cesàro summable to L and (3.7), (3.8) are satisfied. By
(3.7), there exist t1 ≥ 0 and λ > 1 such that for t > t1
1
λt− t
∫ λt
t
s(x)dx  s(t)−
ε
3
·
Besides since
lim
t→∞
D
(
1
λ− 1
σ(t),
1
λ− 1
σ(λt)
)
= 0,
there exists t2 ≥ 0 such that for t > t2
D
(
1
λ− 1
σ(t),
1
λ− 1
σ(λt)
)
≤
ε
3
·
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So by (i) of Lemma 2.3 we get that
1
λ− 1
σ(t)−
ε
3

1
λ− 1
σ(λt) 
1
λ− 1
σ(t) +
ε
3
.
Also, since lim
t→∞
σ(λt) = L, there exists t3 ≥ 0 such that D(σ(λt), L) ≤
ε
3
for t > t3, meaning
L−
ε
3
 σ(λt)  L+
ε
3
·
Then considering the equality (3.3) , there exists t4 = max{t1, t2, t3} such that for t > t4
s(t)−
ε
3
+
1
λ− 1
σ(t)  L+
ε
3
+
1
λ− 1
σ(t) +
ε
3
·
So by (v) of Lemma 2.3, for t > t4 we have
s(t)  L+ ε. (3.9)
On the other hand, if we consider the condition (3.8), equality (3.4), Lemma 2.3 and proceed in a similar
way as that above, we get that there exists a t∗4 ≥ 0 such that for t > t
∗
4
s(t)  L− ε. (3.10)
Then combining inequalities (3.9) and (3.10), we obtain
L− ε  s(t)  L+ ε
whenever t > max{t4, t∗4} and this completes the proof.
Definition 3.7. A fuzzy-number-valued function s(x) is said to be slowly decreasing if for every ε > 0
there exist t0 ≥ 0 and λ > 1 such that
s(x)  s(t)− ε
whenever t0 < t < x ≤ λt.
Remark 3.8. Fuzzy-number-valued function s(x) is slowly decreasing if and only if the family of real
valued functions {s−α (x) | α ∈ [0, 1]} and {s
+
α (x) | α ∈ [0, 1]} are equi-slowly decreasing i.e. ∀ε > 0
there exist t0 ≥ 0 and λ > 1 such that for all α ∈ [0, 1]
s−α (x)− s
−
α (t) ≥ −ε and s
+
α (x)− s
+
α (t) ≥ −ε whenever t0 < t < x ≤ λt.
Lemma 3.9. If the fuzzy-number-valued function s(x) is slowly decreasing, then for every ε > 0 there
exist t0 ≥ 0 and 0 < λ < 1 such that for every t > t0
s(t)  s(x)− ε whenever λt < x ≤ t. (3.11)
Proof. The proof of the lemma is done by contradiction method. Assume that the fuzzy-number-valued
function s(x) is slowly decreasing and there exists ε0 > 0 such that for all 0 < λ < 1 and t0 ≥ 0 there
exist real numbers x and t > t0 for which
s(t)  s(x)− ε0 whenever λt < x ≤ t. (3.12)
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Therefore, there exists α0 ∈ [0, 1] such that
s−α0(t) < s
−
α0
(x)− ε0 or s
+
α0
(t) < s+α0(x)− ε0. (3.13)
At this point we recall the reformulated condition of Mo´ricz [9] for a slowly decreasing real valued
function f such that
lim
λ→1−
lim inf
t→∞
min
λt≤x≤t
[f(t)− f(x)] ≥ 0. (3.14)
No matter which case we choose in (3.13), one of the real valued functions s−α0(t) and s
+
α0(t) does not
satisfy the condition (3.14). So at least one of them is not slowly decreasing which contradicts the
hypothesis that fuzzy-number-valued function s(x) is slowly decreasing.
It is clear that if function s is slowly decreasing then conditions (3.7) and (3.8) are satisfied by (i) and
(v) of Theorem 2.7. So next corollary immediately follows:
Corollary 3.10. If f is a continuous fuzzy-number-valued function such that integral (3.2) is Cesàro
summable to a fuzzy number L and its integral function s(t) is slowly decreasing, then the integral (3.2)
converges to L.
Theorem 3.11. Let f be a continuous fuzzy-number-valued function on [0,∞). If there exist negative
constant fuzzy number u and a real number x0 ≥ 0 such that
xf(x)  u for x > x0, (3.15)
then fuzzy-number-valued function s(t) =
t∫
0
f(x)dx is slowly decreasing.
Proof. Let xf(x)  u be satisfied under the given conditions on u and x0 in the theorem. Then for
x > x0 we have
xf−α (x) ≥ u
−
α ≥ u
−
0 , xf
+
α (x) ≥ u
+
α ≥ u
+
1 ≥ u
−
0 .
For the sake of simplicity let take u−0 = −H where H > 0. Then
xf−α (x) ≥ −H ⇒ f
−
α (x) ≥ −
H
x
, xf+α (x) ≥ −H ⇒ f
+
α (x) ≥ −
H
x
are satisfied. Then for x0 < t < x ≤ λt when λ > 1, we have
s−α (x)− s
−
α (t) =
∫ x
t
f−α (u)du ≥ −H
∫ x
t
du
u
= −H ln
x
t
≥ −H lnλ
and
s+α (x)− s
+
α (t) =
∫ x
t
f+α (u)du ≥ −H
∫ x
t
du
u
= −H ln
x
t
≥ −H lnλ.
Choosing λ = eε/H , we get the inequalities
s−α (x) ≥ s
−
α (t)− ε , s
+
α (x) ≥ s
+
α (t)− ε
and then s(x)  s(t)− ε holds whenever x0 < t < x ≤ λt.
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Example 3.12. Let the fuzzy-number-valued function f : [0,∞)→ E1 be given as
(f(x))(t) =
{
t
2−sinx
, if 0 ≤ t ≤ 2− sin x,
2− t
2−sinx
, if 2− sin x ≤ t ≤ 2(2− sin x).
Then
f−α (x) = (2− sin x)α , f
+
α (x) = (2− sin x)(2− α).
Since f±α (x) ≥ 0 holds for each α ∈ [0, 1] and x > 0, we have
xf−α (x) ≥ 0 , xf
+
α (x) ≥ 0
which means that xf(x)  0. So s(t) is slowly decreasing.
As a result of Theorem 3.11 the following one-sided Tauberian condition is obtained.
Corollary 3.13. If f is a continuous fuzzy-number-valued function such that integral (3.2) is Cesàro
summable to a fuzzy number L and condition (3.15) is satisfied, then the integral (3.2) converges to L.
We note that one may extend Cesàro summability method to continuous fuzzy-number-valued func-
tions and give analogs of Theorem 3.2–3.6, Corollary 3.10 for Cesàro summability of fuzzy-number-
valued functions. The proofs are done identically by replacing integral function swith general continuous
fuzzy-number-valued function in corresponding proofs and hence omitted.
Definition 3.14. A continuous fuzzy-number-valued function f : [0,∞) → E1 is said to be Cesàro
summable to a fuzzy number L if
lim
t→∞
1
t
∫ t
0
f(x)dx = L.
Theorem 3.15. Let f be a continuous fuzzy-number-valued function. If limt→∞ f(t) = L, then f is
Cesàro summable to fuzzy number L.
Theorem 3.16. If a continuous fuzzy-number-valued function f is Cesàro summable to a fuzzy number
L, then limt→∞ f(t) = L if and only if for every ε > 0 there exist t0 ≥ 0 and λ > 1 such that for t > t0
1
λt− t
∫ λt
t
f(x)dx  f(t)− ε
and another 0 < ℓ < 1 such that
1
t− ℓt
∫ t
ℓt
f(x)dx  f(t) + ε.
Theorem 3.17. If a continuous fuzzy-number-valued function f is Cesàro summable to a fuzzy number
L and f is slowly decreasing, then limt→∞ f(t) = L.
10
Cesàro summability of integrals of fuzzy-number-valued functions
References
[1] F. G. Fontes, F. J. Solís, Iterating the Cesàro Operators, Proc. Amer. Math. Soc. 136(6), 2147–2153
(2008)
[2] M. González, F. León-Saavedra, Cyclic behavior of the Cesàro operator on L2(0,∞), Proc. Amer.
Math. Soc. 137(6), 2049–2055 (2009)
[3] A. G. Arvanitidis, A. G. Siskakis, Cesàro Operators on the Hardy Spaces of the Half-Plane, Canad.
Math. Bull. 56, 229–240 (2013)
[4] A. A. Albanese, J. Bonet, W. J. Ricker, On the continuous Cesàro operator in certain function
spaces, Positivity 19, 659–679 (2015)
[5] M. Lacruz, F. León-Saavedra, S. Petrovic, O. Zabeti, Extended eigenvalues for Cesàro operators, J.
Math. Anal. Appl. 429, 623–657 (2015)
[6] E. C. Titchmarsh, Introduction to the theory of Fourier integrals, Clarendon Press, Oxford (1937)
[7] G. H. Hardy, Divergent series. Oxford Univ. Press, Oxford (1949)
[8] J. Korevaar, Tauberian Theory: A Century of Developments. Springer-Verlag, Berlin (2004)
[9] F. Móricz, Z. Németh, Tauberian conditions under which convergence of integrals follows from
summability (C, 1) over R+. Anal. Math. 26, 53–61 (2000)
[10] I˙. Çanak, Ü. Totur, A Tauberian theorem for Cesàro summability of integrals, Appl. Math. Lett. 24,
391–395 (2011)
[11] I˙. Çanak, Ü. Totur, Tauberian conditions for Cesàro summability of integrals. Appl. Math. Lett. 24,
891–896 (2011)
[12] Ü. Totur, I˙. Çanak, One-sided Tauberian conditions for (C,1) summability method of integrals,
Math. Comput. Model. 55, 1813–1818 (2012)
[13] I˙. Çanak, Ü. Totur, Alternative proofs of some classical type Tauberian theorems for Cesàro summa-
bility of integrals, Math. Comput. Model. 55(3), 1558–1561 (2012)
[14] Ü. Totur, I˙. Çanak, On Tauberian conditions for (C,1) summability of integrals, Revista de la Unión
Matemática Argentina 54(2), 59–65 (2013)
[15] Ü. Totur, I˙. Çanak, On the (C,1) summability method of improper integrals, Appl. Math. Comput.
219(24), 11065–11070 (2013)
[16] D. V. Giang, F. Móricz, The strong summability of Fourier transforms, Acta Math. Hungar 65(4),
403–419 (1994)
[17] F. Móricz, Strong Cesàro summability and statistical limit of double Fourier integrals, Acta Sci.
Math. (Szeged) 71, 159–174 (2005)
[18] G. Brown, D. Feng, F. Móricz, Strong Cesàro Summability of Double Fourier Integrals, Acta Math.
Hungar. 115(1-2), 1–12 (2007)
11
Cesàro summability of integrals of fuzzy-number-valued functions
[19] V. N. Mishra, K. Khatri, L. N. Mishra, Strong Cesàro Summability of Triple Fourier Integrals, Fasc.
Math. 53, 95–112 (2014)
[20] D. Dubois, H. Prade, Towards fuzzy differential calculus, Fuzzy Set and Syt 8, 1–7, 105–116, 225–
233 (1982)
[21] H.Wu, The improper fuzzy Riemann integral and its numerical integration, Inform. Sciences 111(1–
4), 109–137 (1998)
[22] G. A. Anastassiou, Fuzzy Mathematics: Approximation Theory. Springer-Verlag, Berlin (2010)
[23] Z. Gong, L. Wang, The Henstock-Stieltjes integral for fuzzy-number-valued functions, Inform. Sci-
ences 188, 276–297 (2012)
[24] X. Ren, C. Wu, The Fuzzy Riemann-Stieltjes Integral, Int. J. Theor. Phys. 52, 2134–2151 (2013)
[25] B. Bede, S. G. Gal, Almost periodic fuzzy-number-valued functions, Fuzzy Set Syt 147, 385–403
(2004)
[26] L. A. Zadeh, Fuzzy sets, Inform. Control 8, 29–44 (1965)
[27] Ö. Talo, F. Bas¸ar, Determination of the duals of classical sets of sequences of fuzzy numbers and
related matrix transformations, Comput. Math. Appl. 58(4), 717–733 (2009)
[28] S. Aytar, M. Mammadov, S. Pehlivan, Statistical limit inferior and limit superior for sequences of
fuzzy numbers, Fuzzy Set Syt 157(7), 976–985 (2006)
[29] S. Aytar, S. Pehlivan, Statistical cluster and extreme limit points of sequences of fuzzy numbers,
Inform. Sci. 177(16), 3290–3296 (2007)
[30] H. Li, C. Wu, The integral of a fuzzy mapping over a directed line, Fuzzy Set Syt 158, 2317–2338
(2007)
[31] Ö. Talo, F. Bas¸ar, On the Slowly Decreasing Sequences of Fuzzy Numbers, Abstr. Appl. Anal. 2013,
1–7 (2013)
[32] R. Goetschel, W. Voxman, Elementary fuzzy calculus, Fuzzy Set Syt 18, 31–43 (1986)
12
